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TO C O M B I N E D  A X I A L  C O M P R E S S I O N  A N D  I N T E R N A L  

P R E S S U R E  U N D E R  C R E E P  C O N D I T I O N S  

L .  M. K u r s h i n  a n d  V. T .  S h c h e r b a k o v  UDC 629.735.33.023.2 

The cr i t ical  s t r a i n  of a cyl indrical  shell subjected to combined axial compress ion  and in te r -  
nal p r e s s u r e  is computed under creep conditions. A method is proposed to determine values 
of the initial deflections by means of e last ic  shell test  data for a creep analysis  of shells.  
Data of an experimental  investigation of the creep stabil i ty of shells are  presented,  which 
a re  compared  with the resu l t s  of the computation. 

1. Certain values of the initial imperfect ions of the middle surface  should be given for the stabili ty 
analysis  of a cyl indrical  shell under creep conditions in conformity with the method elucidated in detail in 
[1]. The method of select ing the initial deflections for an analysis  of a compressed  cyl indrical  shell was 
examined in [2], where it has been shown that combinations of values of the s y m m e t r i c  and aonsymmet r t c  
compounds of the initial deflection can be selected f r o m  the data of an elast ic  experiment ,  and small  sym-  
metr ic  and la rge  nonsymmetr ic  deflections should be taken to compute the s t ra in  under creep conditions. 

The influence of the internal p r e s su re  on the cr i t ical  s t ra in  during shell  compress ion  under creep 
conditions is investigated in this paper .  

To solve the problem of creep stabili ty of a cylindrical  shell  subjected to axial compress ive  forces  
and internal p r e s s u r e ,  it is n e c e s s a r y  to have the solution of the e las t ic  p rob lem for a shell with an initial 
deflection as the initial condition. Letting r and w denote the s t r e s s  and deflection functions, respect ive ly ,  
let us wri te  the nonlinear equations of a shallow cylindrical  shell 

(i / B) aaO (i ! R) (w wo)~ + w ~ , / - - w ~ w ~  - -  ( o,~ - -  wo,~Wo,~y) 

(1.1) 
--DAA (w -- wo) --  (1 / B) ~ =  + r + r --  2@~w~ + q = 0 

Here B = Eh, D = (a/s)Eh3 , E is the elast ic  modulus, 2h and R are  the shell thickness and radius,  r e -  
spe c~ively. 

Let  us give the initial deflection in the fo rm 

wo = ]10 sin (I/~) ~zx sin (my~R) §  ~ cos ax  

Assuming the bending mode to be conserved under loading, we take 

w = ]l sin (U~) ax sin (my~R) -k ]~ cos a x  -k Is 

(1.2) 

(1.3) 

Having determined the function r f rom the f i rs t  equation in (1.t) and having integrated the second 
with r e spec t  to the coordinates x and y tn the Bubaov-Ga le rk in  sense,  we obtained a s y s t e m  of nonlinear 
equations in the d imensionless  elast ic  deflections ~ l = f l  2h and ~ = f 2 / 2 h  

Novosibirsk.  Transla ted  f rom Zhurnal Prikladnoi  Mekhaniki i Tekhnicheskoi Fiziki ,  No. 5, pp. 109- 
116, September-October ,  1974. Original ar t ic le  submitted Jane 14, 1973. 

�9 9 76 Plenum Pubhshing Corporation, 22 7 West 17th Street, New York, N. Y. 10011. No part o f  this publication may be reproduced, 
stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, microfilming, 
recording or otherwtse, without written permission of  the publisher. A copy of  this article is available from the publisher for $15.00. 

672 



71~1 a "~- n l ~ l  -~- n2~10 = 0 

{(~ / ~) ~ - ~ / ( 4 ~ )  [(~ / 4) ( ~ ,  - ~,o~) + ~0] 

n~ = (4 / n~l  ~) ( ~  § ~o) _ ~ _ ~ 6 ~  o ~  

n3 = (~ / ,) ~ - -  (4p) / (3~1) + i / (4O~n ~) + (2~1~7,) / ~ '  
71 = (e ~ + i )  1 4 e~ = (%) e ' k l  ~ + i / ( ~ k l  ~) 
73=IIXI ~- t - I / (81k~: ) ,  ~ = ( 8  2 + 1 )  10 ~ 

X~ = (9~ ~ + l) / (9e ~) 

(1.4) 

Here  we have in t roduced  the quant i t ies  

~1 ~ = ] 1  ~  ~2 ~ = ] 2  ~  ~---- (aB) / (2m) ,  ~ = ( m ~ h ) / T ~  

as  well  as  the d i m e n s i o n l e s s  p a r a m e t e r s  of the axial  c o m p r e s s i o n  p and the in te rna l  p r e s s u r e  q, 

p = (3R~) / (4Eh), q = (q*R~) / (2Eh~) 

whe re  ~, q* a r e  the axial  c o m p r e s s i v e  s t r e s s  and the in te rna l  p r e s s u r e .  

Equat ions  (1.4) d e t e r m i n e  the dependences  of the def lec t ions  ~ 1 and ~2 on the leads  p and q. The de-  
t e r  minant  

M = alia22 - -  ax~azx (1.5) 

van i shes  when the l imi t  points  on the s t r a i n  cu rve  a r e  r e a c h e d .  

In the case  of l a r g e  init ial  def lec t ions ,  the quant i ty  M does net  vanish ,  and the condit ion that  the min-  
i m u m  value ef  (1.5) is r e a c h e d ,  which  c o r r e s p o n d s  to the m a x i m u m  s t r a i n  r a t e  ef  the  shel l ,  is used as the 
s t ab i l i ty  c r i t e r i on .  

We have used the fol lowing notat ion in (1.5): 

a~l = 3273~1~2 -- (1 / ~l) (8 / ~ -T- 1) § (4~1 ~ / (~1~ ~) --  1673~10~ 0 

a22 = (4 / 02 )  7 3 ~ 1 ~  - -  (1 / ~l) [1 / (~k2)  ~_ I / (8~2)] ~ - -  (2 / b e) ~1%~o73 § ~10 / (2~]~}~ke) 

P r e s e n t e d  in Fig.  1 a r e  the dependences  of  the s y m m e t r i c  (dashed curves )  ~2 and n o n s y m m e t r i c  
(solid cu rves )  [ t def lec t ion on the c o m p r e s s i v e  toad  p a c c o r d i n g  to (1.4) for  va r ious  values  of the in ternal  
p r e s s u r e  p a r a m e t e r  q = 0 ,  0.2, 0.4, 0.6, 0.8, 1.0 (curves  1-6,  r e spec t i ve ly )  for  [ 0 = ~ 0 k = 0 . 2 ,  [ 0 = 3 ~ 2  ~ ~0k = 
3~ 0. The fol lowing w a v e - f o r m a t i o n  p a r a m e t e r s  w e r e  taken in the computa t ions :  ~ =1 ( re la ted  to the shape  

0,~.5 
I 

0.50 0.75 

Fig. 1 

673 



of the dents) ,  ~? =0.375 ( c h a r a c t e r i z e s  the quant i ty  of dents  over  the c i r c u m f e r e n c e ) .  The value V =0.375 
of the p a r a m e t e r  c o r r e s p o n d s  to the buckl ing  mode of an ideal she l l  under  pu re  c o m p r e s s i o n ,  and the va lue  

= 1 c o r r e s p o n d s  to s q u a r e  n o n s y m m e t r i c  dents .  

Computa t ions  for the s e l e c t i o n  of these  p a r a m e t e r s  f r o m  the condi t ion  of a m i n i m u m  c r i t i c a l  load (or 
the c r i t i c a l  t i m e  under  c r eep  condi t ions)  p e r m i t  making  the deduct ion that  the r e s u l t s  depend s l igh t ly  on the 
va lues  of these  p a r a m e t e r s  in a known r ange .  F o r  the c o m p r e s s i o n  case ,  the r e s u l t s  of such  computa t ions  
a r e  p r e s e n t e d  in  Fig.  17 of [1], for  example .  The p a r a m e t e r s  ~ and 77 a re  r e l a t e d  to the w a v e - f o r m a t i o n  
p a r a m e t e r s  in [1] as fol lows:  

r = 0~ I1 = 13 I s)l ~ .2  

P r e s e n t e d  as art i l l u s t r a t i o n  in Fig.  2 a r e  dependences  of the c r i t i c a l  axia l  c o m p r e s s i o n  load  for  d i -  
v e r s e  c o m b i n a t i o n s  of the in i t i a l  def lec t ions .  The va lues  of the in i t i a l  def lec t ions  ~ 0 and ~ ok a re  g iven  b e -  
low for c u r v e s  1-12:  

No. 1 2 3 4 5 6 7 8 9 10 11 t2 

~,, 0L*I ().0t ().r 0.t~5 0.t 0.1 0.2 0.2 0.2 0.6 0.6 0.6 
~0'~ 0.~5 0.l ~1.2 ().2 0.1 0.2 0.1)5 0.1 0.2 0.05 0.1 0.2 

Var ious  c o m b i n a t i o n s  of the s y m m e t r i c  ~ o and n o n s y m m e t r i c  ~ ok componen ts  of the in i t ia l  def lec t ion  
c o r r e s p o n d  to the v e r y  s a m e  c r i t i c a l  value of the c o m p r e s s i v e  load  p. A n u m b e r  of such  combina t ions  is 
p r e s e n t e d  below for the case  p = 0.5. The dependences  of p on q for  these  in i t ia l  def lec t ion  combina t ions  
wi l l  appea r  as a fan of c u r v e s  (Fig. 3) when comput ing  the c r i t i c a l  va lues  

No. 1 2 3 4 5 6 7 8 

~,~ 0 0.()9 0.165 0.26 0.39 0.46 0.50 0.51 
-~0~- 1.0 0.8 0.6 0.4 0.15 0.06 0~015 0 

As a comparison, the dashed lines show the curves from [3], at which the critical load was sought when 
terms associated with discarding deflection amplitudes of more than second degree in the nonlinear equa- 

tions of the type (1.4). The curve a corresponds to a nonsymmetric initial deflection (~ 0= 0), while curve 

b corresponds to the symmetric deflection (~ ok = 0). It is seen that this simplification exaggerates the crit- 
ical axial compression load for a nonsymmetric initial deflection. 

2. Let us use the equations in [4] which take account of a geometric nonlinearity for the perturbed 

state of a cylindrical shell with an initial deflection under creep conditions. For the case of power-law 

creep Pi =Aai n (where Pi, ai are the creep rate and stress intensities) and axial compression and internal 

pressure acting on the shell, the equations are 

~ 0 (2.1) 
. 0 

U (w, wo, r  -'r- e -~" ~ e='D (-~)~ - -  :~,'~ AA) (w - -  w.) d~ . (3~, / 4) De - 'a I enkk'\  (w - -  wo) d~ T q = 0 
t, o 

r ( u , , W o ) = W  ~ . - ( W o ,  ~  ,~) - ( l  / R)  (W - Wo).,.~ xy  - -  It'xxU'r xy"  XXU'O~ y 

U (w, wo, ~)  = - -  DAA (u" - -  U'o) - -  (t ' R )  ( q*R  '-- ~ )  + 2 h e ~ A w  + cl)uuu~'..:~ -~ ( P ~ w y y  - -  2~,:vw,~y 

h = 0 2 / 0 x  ~ pO ~/@-~, A = - - ( t / z )  O -~/0x 2 + ( ~ , / •  

A1 = - - ( t / •  (i / 2 •  2 +  (L /z )  02 /0x  2 - ( ~ / 2 •  ~ 

z = ] / t  + ~ p ~2, ~, = (q'R) / (2h(~) = (3q) / (4p) 

(h~ = --(~, %2 = ( q ' R )  / ( 2 h ) ,  
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L e t  us  s e e k  the  s o l u t i o n  of  (2.1) in  t h e  f o r m  

w = % (~) ]1 sin (s/2) ax  sin (my / R)  ~- % (~)/2 cos a x  Jr 93 (~) ]3 (2.2) 

(D = ~ l  (~) As cos a z  --~ ~p~ (~) A~ cos (my / R) -~ 

-{- ~Pa (~) Aa sin (s/2) ax sin (my / R) + ~a (~) Aa sin (3/2) ax sin (ray~R) 

H e r e  f i ,  f 2  a r e  t h e  s o l u t i o n  of  t he  s y s t e m  (1.4) c o r r e s p o n d i n g  to  e l a s t i c  s t r a i n  of  t he  s h e l l .  W e  h a v e  

the  f o l l o w i n g  i n i t i a l  c o n d i t i o n s ,  

% (0) ---- % (0) = % (0) ---- ~1 (0) = ~2 (0) = ~Pa (0) = %(0)  = i (2.3) 

a t  ~ = 0  f o r  Eqs .  (2.1) d e s c r i b i n g  the  c r e e p  p r o c e s s .  

I n t e g r a t i n g  (2.1) w i t h  r e s p e c t  to  t h e  c o o r d i n a t e s  x and  y in  t h e  B u b n o v - G a l e r k i n  s e n s e ,  we  o b t a i n  a. 

s y s t e m  of  n o n l i n e a r  i n t e g r a l  e q u a t i o n s  f o r  t he  f u n c t i o n s  ~ i(~ ) 

as(Pi -~ a2q)u -~ aa = 0, bi~Os {- b2% + b3 = 0 (2.4) 
as ~ [g~ (%)  p - -  (n / 4) ~ o~ (t / /0~-1 = - -  - -  g ~ ,  q- x) =) ~a ~  

a,  = - ~,o [gs - (4r ~ / (9%~)1 - ( i  / ~ )  g , ~ l % ~ s ~  + 

,J- (YI / 4) g291a~1 a + (t6~q / ~ )  ?aq)sq)2~l~,. ~ - -  (k, / 4) gs(h~sJ22 -~- 
(2ka / ~s  [2q)2~ 2 - -  ([ / (2q)] g5 -~ (ks / ~2) gdPl~l - -  

- (~6~,n)  / ( 8 i o % D  (p~.~i , ,  - (g~ / 3) [(%) ~/- - 
- I x 2 1  J s a  - 

b~ = (2~~162 / ~2, b~ = r [g: - -  (s~/a) P] 
b~ = - -  g ~ o  + ~o= / ( 4 ~ )  _ (g, qos~/) / (4O =) + 
Jr- (8~17aq.'~=q)2~=r 1 @~ q- (2ka%r / (O'21k~ =) -- (k~g~) I gs -- 
- -  (8~lk,~s~,J,~) / (8 i92~  2) - -  (16gs/9) [(4 - -  3 / •  Y~, 

q-(3n]21) / • 
g~ = (4~2q%~ 2) / 9 + i / (9~q%~), g2 = ~ + I / 0 2 

ga = t / %i 2 -- 4*l~~  ga - -  I ~ 8 / ~i ~ 

g7 = (64~=n) / 9 q- I / (0%),  g~ = o=q 

o 

H a  = 9i~i -- ~i O' Ha = q)iq)2 ~s~2 -- ~iO ~20 

k~ = t § (n - -  i )  (~/~ + l )  = / z  = 
~ = ~ + ( n - -  ~l) ( i  + ~ I2)2  I x  = 
k3 = l + ( n - - 1 ) ( P / ~ §  §  ~ / [ x  2 ( ~ = §  
k a ---- ~ q- (n - -  i )  [(s/~ _~ ~) 90= _ (i Jr ~ / 2)1 ~ I [• ( 9 ~  _~ i ) : t  

I n t e g r a t i n g  the  s y s t e m  (2.4) w i t h  r e s p e c t  to  ~ ,  we  f ind  an  e x p r e s s i o n  f o r  the  d e t e r m i n a n t :  

M = alia2: - -  ai2a21 (2.5) 

w h o s e  z e r o  v a l u e  c o r r e s p o n d s  to  a l i m i t  p o i n t  on  the  d e f l e c t i o n  c u r v e  d u r i n g  c r e e p  and  d e t e r m i n e s  t he  d i -  
m e n s i o n l e s s  c r i t i c a l  p a r a m e t e r  ~ k = E A ~ i n - l t  r e l a t e d  to  t he  t i m e .  The  v a l u e s  of  t he  d e f l e c t i o n s  q~ 1, ~~ a r e  
o b t a i n e d  b y  n u m e r i c a l  i n t e g r a t i o n  of  (2.4) a s  a f u n c t i o n  of  t h e  d i m e n s i o n l e s s  t i m e .  Shown a s  an  i l l u s t r a t i o n  
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in Fig. 4 a r e  the dependences  of the s y m m e t r i c  q~2 (}) and nons ym m e t r i c  q~ 1 (~) def lect ions for two values  
of the axial  load p and the s ame  value of the p r e s s u r e  q =0.075 (~0=0.2, ~0k=0.05, n=3) .  The dashed l ines  
show values of the de te rminan t  M (} 1 co r re sponds  to the l i m i t  and ~ 2, to the inflection points).  

On the bas i s  of the computat ions  p e r f o r m e d ,  it can be concluded that both the s y m m e t r i c  and the non- 
s y m m e t r i c  def lect ions  grow during c r eep  under l a r g e  axia l  c o m p r e s s i o n  loads .  As the axial  load d imin-  
i shes  at the same  in te rna l  p r e s s u r e ,  the nonsymmet r i c  deflect ion grows more  in tens ive ly  than does the 
s y m m e t r i c  deflect ion.  The shel l  buckles  in an a x i s y m m e t r i c  mode. The she l l  buckles  in a nonax i symmet -  
r i c  mode up to some r a t i o  between the i n t e r n a l - p r e s s u r e  p a r a m e t e r  q and the c o m p r e s s i v e - l o a d  p a r a m e t e r  
p, then the she l l  buck les  in a s y m m e t r i c  mode as this  p a r a m e t e r  i n c r e a s e s .  This a g r e e s  qual i ta t ive ly  with 
the r e s u l t s  of expe r imen ta l  invest igat ions  [5]. 

The total  c r i t i c a l  s t r a i n  ~ k c o m p r i s e d  f rom the e l a s t i c  s t r a i n  and the she l l  s t r a i n  accumula ted  up to 
the t ime  of buckl ing under c r e e p  condit ions,  

8 = p ( l  + ~ )  (2 .6)  

was ca lcu la ted  by means of the value of the c r i t i c a l  p a r a m e t e r  e. 

Resu l t s  of computing the c r i t i c a l  d imens ion less  axial  s t r a i n  e (2.6) as a function of the axia l  load 
obtained by solving (2.4) by using t h e  c r i t e r i o n  (2.5) for d i f ferent  values  of the ini t ia l  p r e s s u r e  p a r a m e t e r  
q =1, 0.5, 0.25, 0.0 (curves 1-4. r e s p e c t i v e l y ) ,  a r e  p r e s e n t e d  in Fig.  5. The r e s u l t s  of the computat ions 
co r r e spond  to ~0=0.5,  ~ok=0.2. The sol id  curves  r e f e r  to n=3  and the dashed cu rves ,  to n=7 .  

As the in ternal  p r e s s u r e  i n c r e a s e s  to the value q =0.25, the c r i t i c a l  s t r a i n  grows for a l l  the values 
of the c o m p r e s s i v e  s t r e s s  p. As the in ternal  p r e s s u r e  i n c r e a s e s  fu r ther ,  the c r i t i c a l  s t r a in  grows only for 
l a r g e  c o m p r e s s i o n  s t r e s s e s .  The inflect ions on the c r i t i c a l  s t r a i n  curves  a r e  r e l a t e d  to the r e p l a c e m e n t  
of the n o n s y m m e t r i c  by the s y m m e t r i c  buckling mode. As the c reep  index n i n c r e a s e s ,  the c r i t i c a l  s t r a i n s  

d iminish  for the v e r y  same  level  of p and q. 

3. An expe r imen ta l  inves t iga t ion  of the s t ab i l i t y  of cy l ind r i ca l  she l l s  under c r eep  was conducted to 
ve r i fy  the computed r e s u l t s .  Shells turned  f rom the m a t e r i a l  D16T were  tes ted ;  the geomet r i c  shel l  d imen-  
s ions  were :  th ickness  2h =0.5 mm, r ad ius  I~ =88 mm, length l =425 mm. The t e s t  t e m p e r a t u r e  was T= 
250~ The deviat ion of the t e m p e r a t u r e  along the she l l  gene ra to r  and over  the c i r c um f e r e nc e  did not ex-  
ceed 5~ The axia l  load,  t h e t i m e ,  and cont rac t ion  of the shel l  by which the c r eep  s t r a i n  was e s t ima ted  
were  m e a s u r e d  in the expe r imen t .  A total  of 13 she l l s  were  t e s t ed  for s t ab i l i t y  under axial  c o m p r e s s i o n  
and internal  p r e s s u r e  without heating.  Also,  two she l l s  were  t e s t ed  at the same in ternal  p r e s s u r e .  The 
r e s u l t s  of the e l a s t i c  t es t s  a r e  r e p r e s e n t e d  by points in Fig. 6. The c r i t i c a l  c o m p r e s s i v e  load  grows as 
the p r e s s u r e  r i s e s  in the inves t iga ted  p r e s s u r e  range .  
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In all, ten shells were  tes ted for stabil i ty under creep conditions and compress ion  without internal 
p res su re .  The test  resu l t s  are  presented in Fig. 7 (a and b). A total of seven shells (a) were tes ted under 
different constant compress ive  load levels ;  three shells (b) were tested without creep under rapid (5-10 
sec) loading up to buckling (T=250~ 

We tes ted eight shells for stabil i ty under creep with axial compress ion  and the internal p r e s su re  q* = 
1 k g / c m  2 (q = 0.11). After the shell had been heated to T =250~ an internal p re s su re  was supplied, then the 
axial load was applied. Then two shells (c) were loaded rapidly (5-10 sec) up to buclding, the r e s t  (d) were 
tested for creep with axial loads compris ing a part  of the load for buckling. It is seen that internal p r e s -  
sure  increases  the cr i t ical  creep s t ra in  considerably.  

The resul t s  obtained permi t  the express ion of reasoning about the method of the stabil i ty analysis of 
shells subjected to axial compress ion  and internal p r e s s u r e  under creep conditions. The main difficulty 
is the co r r ec t  selection of the values of the initial deflection components (the symmet r i c  ~ 0 and nonsym-  
metr ic  ~ ok) introduced in the computation. 

If there  are  shell tes t  resu l t s  on the elast ic stabil i ty under compress ion  without internal p r e s su re ,  
then a combination of values of the initial deflections can be determined. Havhlg the elast ic test  data with 
internal p r e s su re  and axial compress ion  available, a combination of the symmet r i c  ~ 0 and nonsymmetr [e  

ok initial deflections, corresponding best  to the data of the elast ic  experiment with internal p re s su re ,  can 
be found f rom the set  of combinations of the initial deflections. The deflections selected in this manner are  
then inserted in the computation of shells operathlg under creep conditions with a combined loading. 

Let us determine the initial deflections and then the cr i t ical  s t rains  according to the proposed method 
for shells whose creep test  resu l t s  have been presented  above. 

The magnitude of the cr i t ical  load under elast ic  buckling without internal p r e s su re  for the tested 
shells is p=  0.55 (Fig. 6). The combinations of initial deflections presented below, which have been selected 
f rom the resu l t s  of solving the elast ic  problem of axial compress ion  of a cylindrical  shell [1], cor respond 
to this cr i t ical  load. Dependences of the cr i t ical  axial compress ion  load on the internal p r e s s u r e  have been 
obtained for these combinations of the initial deflections by means of (1.4). A se r ies  of such curves ob- 
tained by computations is presented in Fig. 6 and cor responds  to combinations of initial deflections (see be-  
low). 

No. 1 2 3 4 5 6 

~o 0 0.03 0.075 0.i2 0.22 0.35 
~o,~ 0.68 0.60 0.51 0.40 0.20 0.03 

The initial deflections t0 = 0, ~0k=0.68 cor respond  best  to the shells tes ted (Fig. 6). The dependences 
of the total cr i t ical  shell s t ra in  under creep,  shown by curves  1, 2 in Fig. 7 for the cases q=0  and 0.11, r e -  
spectively,  which were  computed by means of (2.4)-(2.6), cor respond to these values of the initial deflec-  
tions. 

The agreement  between the resu l t s  of analyzing shells under creep by the method used and the r e -  
sults of the exper iment  is sa t i s fac tory .  
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